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Fig. 1. In this work, we present a novel Langevin dynamics-based symmetry detection method. Our solution is robust to noise, and can detect both partial and
global reflective symmetries on diverse shapes. Here we visualize detected reflective symmetries at different noise levels for 2D (top half), and illustrate
detected planes along with its supports for selected 3D shapes (bottom half).
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Symmetries are ubiquitous across all kinds of objects, whether in nature
or in man-made creations. While these symmetries may seem intuitive to
the human eye, detecting them with a machine is nontrivial due to the
vast search space. Classical geometry-based methods work by aggregating
"votes" for each symmetry but struggle with noise. In contrast, learning-
based methods may be more robust to noise, but often overlook partial
symmetries due to the scarcity of annotated data. In this work, we address
this challenge by proposing a novel symmetry detection method that marries
classical symmetry detection techniques with recent advances in generative
modeling. Specifically, we apply Langevin dynamics to a redefined symmetry
space to enhance robustness against noise. We provide empirical results on a
variety of shapes that suggest our method is not only robust to noise, but can
also identify both partial and global symmetries. Moreover, we demonstrate
the utility of our detected symmetries in various downstream tasks, such
as compression and symmetrization of noisy shapes. Please see our project
page and code at https:// symmetry-langevin.github.io/ .

CCS Concepts: • Computing methodologies→ Shape analysis.
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1 INTRODUCTION
Symmetry, being an aesthetically beautiful concept per se, is funda-
mental to our understanding of structures in geometry. According
to the great mathematician Blaise Pascal, it is essentially “what we
see at a glance”. Therefore, the problem of discovering symmetries
in shapes has been a central pursuit in geometry processing [Atallah
1985; Mitra et al. 2006; Pauly et al. 2008; Wolter et al. 1985]. The
capability of automatically detecting symmetries can consequently
enable us to compress [Pauly et al. 2008] and symmetrize [Mitra et al.
2013] shapes for numerous uses in shape modeling, manufacturing,
or artistic creation.
Albeit an intuitive concept, symmetry is not trivial to detect, es-

pecially when both global and partial symmetries are considered.
The challenge of symmetry detection lies in the vast search space
of this problem – one has to determine not only the symmetries
present but also their support in the shape geometry. The brute
force solution has been to search over pairs of points on the shape
surface and ascertain whether their neighbouring regions may indi-
cate the presence of a symmetry. To address this complexity, Mitra
et al. [2006] propose to map the problem from the shape space to a
transformation space, where each point is the transformation be-
tween a point pair sampled on the original shape surface. In this
transformation space, symmetries can be found by identifying dense
clusters, which they do by mean-shift clustering. However, while
this largely reduces the search space, it is built on the assumption
that the original shape is noise-free. In contrast, in the real world,
more often we face scenarios when we need to process noisy or
even incomplete shapes, sourced from imperfect sensors. Hence,
limited robustness to noisy shapes can significantly restrict the ap-
plicability of a symmetry detection algorithm. On the other hand,
attempts have been made to design symmetry detection algorithms
by learning from data [Gao et al. 2020; Ji and Liu 2019; Zhou et al.
2021]. While this improves robustness to data noise, the lack of
annotated data, particularly for partial symmetries, unfortunately
limits these methods to detecting only global symmetries.
In this work, we aim to design a symmetry detection algorithm

that is robust to noise, while being capable of identifying symme-
tries of different strengths. We extend the formulation of symmetry
detection in the transformation space in Mitra et al. [2006] and pro-
vide a fresh perspective of understanding this transformation space.
Inspired by the recent success of score-based sampling [Karras et al.
2022; Poole et al. 2023; Song et al. 2020, 2021a] in generative models,
we view the transformation space as a score field where the sym-
metries we seek are the modes in this field. As robust mode seeking
algorithms are well-studied in generative modeling, we introduce
one, specifically Langevin dynamics, to symmetry detection. We

hypothesize that such formulation of the transformation space re-
duces sensitivity to noise, due to smoothing over sampled points.
Building on these insights, we propose a robust symmetry detection
algorithm that marries elegant ideas in geometry processing and
generative models, leveraging Langevin dynamics as the key driver.
We show empirical results indicating that our proposed symmetry
detection algorithm is more robust to noise compared to other base-
lines. In addition, our method is capable of detecting both global
and partial symmetries, and is easily generalizable to a wide range
of 2D and 3D shapes.

2 RELATED WORKS
Symmetry. Symmetries play a crucial part in Computer Vision

and Computer Graphics. They are widely used in various tasks in-
cluding 3D reconstruction [Chen et al. 2018; Fawcett et al. 1994;
François et al. 2003; Gordon 1990; Huynh 1999; Mukherjee et al.
1995; Phillips et al. 2016; Sinha et al. 2012; Thrun and Wegbreit 2005;
Tulsiani et al. 2020; Xu et al. 2020], inverse rendering [Wu et al.
2020], shape refinement [Mitra et al. 2007], and image manipula-
tion [Zhang et al. 2020]. Consequently, symmetry detection has long
been an essential challenge in geometry processing. In this regard,
we categorize prior methods into two groups, depending on whether
data-driven techniques are used. For the non-learning based group,
early works focused on finding exact symmetries on planar point
sets [Atallah 1985; Wolter et al. 1985]. Later on, the seminal work by
Mitra et al. [2006] reformulated this detection problem as clustering
in the transformation space, offering a new perspective that allows
the detection of partial and approximate symmetries. Follow-up
works further refined this framework to detect regular and repeated
geometric structures [Pauly et al. 2008] and orbits [Shi et al. 2016].
In contrast, following the revolutionary breakthrough of deep learn-
ing, more recent symmetry detection approaches have focused on
learning symmetries from data. SymNet [Ji and Liu 2019] devised
a supervised training framework to classify whether points are lo-
cated on the symmetry plane. Alternatively, SymmetryNet [Shi et al.
2020] predicted symmetrical correspondences to avoid overfitting.
NeRD [Zhou et al. 2021] further introduced a geometry reconstruc-
tion phase to verify predicted symmetries at inference time. How-
ever, in these supervised frameworks, annotating symmetries has
been an expensive bottleneck. To address this issue, PRSNet [Gao
et al. 2020] proposed an unsupervised symmetry prediction frame-
work using a novel symmetry distance loss, while E3Sym [Li et al.
2023] developed an unsupervised correspondence prediction frame-
work. Building upon the aforementioned approaches, our proposed
algorithm bridges classical geometry processing techniques with
tools from learning-based approaches by interpreting the transfor-
mation space as a score field. Using Langevin dynamics, we achieve
training-free symmetry detection that is more robust to noisy in-
puts than heuristic methods, while also enabling partial symmetry
prediction—a challenge yet to be addressed by learning-based ap-
proaches.

Score-based Generative Models. Score-based generative models
have emerged as a powerful framework for estimating and sampling
from unknown data distributions, achieving unparalleled success
in diverse domains such as image generation [Dhariwal and Nichol
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2021; Ho et al. 2020a; Karras et al. 2022; Rombach et al. 2022; Saharia
et al. 2022; Song et al. 2020], 3D generation [Poole et al. 2023] and
video synthesis [Blattmann et al. 2023a,b; Brooks et al. 2024; Ge
et al. 2023; Guo et al. 2023; He et al. 2022; Ho et al. 2022]. Initially
inspired by non-equilibrium thermodynamics, Sohl-Dickstein et al.
[2015] proposed learning a generative model by reversing a gradual
Gaussian diffusion process. One of the seminal contributions to
score-based generative models is the denoising diffusion probabilis-
tic model (DDPM) [Ho et al. 2020a], which employs two Markov
chains: a forward chain that corrupts original data into noise for
training purposes, and a reverse chain that restores this noise to
data sample during inference. The forward chain is typically de-
signed to methodically convert any data distribution into a simpler
prior distribution, commonly a standard Gaussian distribution. The
reverse chain undoes this diffusion process by utilizing deep neural
networks to learn the necessary transitions. To generate new data
points, one begins with a random noise vector and uses ancestral
sampling through the reverse Markov chain. Leveraging the DDPM
framework, diffusion models have demonstrated impressive capa-
bilities, particularly in image synthesis [Dhariwal and Nichol 2021].
Score-based generative models [Song and Ermon 2019, 2020] offer
an alternative formulation. Similar to DDPMs [Ho et al. 2020a], these
models perturb data with progressively increasing Gaussian noise
and estimate the score functions across all noisy distributions. A
deep neural network, conditioned on varying noise levels, is trained
to estimate the score functions. During inference, samples are drawn
by sequentially applying score functions at decreasing noise levels.
DDPMs and score-based models can also be generalized to infinitely
many time steps or noise levels, where the perturbation and denois-
ing are modeled as solutions to SDEs. Score-SDE [Song et al. 2021b]
represents a significant advance by employing a diffusion process
described by an SDE to perturb data with noise. The reverse process,
modeled by a corresponding reverse-time SDE, gradually transforms
noise back into data. With the score function parameterized by a
deep neural network, samples can be drawn through various numer-
ical techniques, such as Langevin dynamics [Song and Ermon 2019],
SDE solvers [Song et al. 2021b], and ODE solvers [Karras et al. 2022;
Lu et al. 2022; Song et al. 2020, 2021b]. Subsequent works focus on
improving the accuracy and efficiency of score-based generative
models. An early work on accelerating diffusion model sampling,
Denoising Diffusion Implicit Models (DDIM) [Song et al. 2020] ex-
tends the original DDPM [Ho et al. 2020a] formulation, transitioning
the sampling process to a fully deterministic reversion of this non-
Markov perturbation process. Further, EDM [Karras et al. 2022]
demonstrates that Heun’s second-order method [Ascher and Pet-
zold 1998] offers an balance between sample quality and sampling
speed. Its proposed higher-order solver minimizes discretization
errors at the expense of an additional evaluation of the learned score
function per timestep and shows that using Heun’s method [Ascher
and Petzold 1998] can produce samples with quality on par with or
better than Euler’s method within fewer sampling steps.

3 BACKGROUND
In this section, we introduce the notations and provide the necessary
background in symmetry detection to discuss our method.

3.1 Geometric Symmetry
Symmetries, one of the most fundamental shape descriptors, can
be categorized as either extrinsic or intrinsic depending on which
space the symmetry exists in, and global and partial depending on
the extent of the region it impacts. Despite the ubiquity, symmetries
are very challenging to define [Mitra et al. 2006; Shi et al. 2016; Tevs
et al. 2014]. In this paper, we adapt the geometric view to define
symmetries as a transformation under which a significant region of
the shape is invariant. Formally, given a shape 𝑆 ∈ S represented
as a set of R𝑑 points, symmetry is a transformation 𝑇 : R𝑑 → R𝑑
that can be applied to a shape region 𝑅 ⊆ 𝑆 :

∃𝑅 ⊂ 𝑆, s.t. D(𝑇 (𝑅), 𝑅) ≤ Y, and𝑀 (𝑅) > 𝜏 (1)

where D : S × S → R is a distance function between two patches,
𝑇 (𝑅) denotes the transformed point region 𝑇 (𝑅) = {𝑇 (𝑝) : 𝑝 ∈ 𝑅},
𝑀 : S → R measures the significance of the shape patch. To make
this definition specific, one needs to define the distance function
D between regions, the class of transformations 𝑇 , the measure of
significance𝑀 , as well as the thresholds 𝜏 and Y. We illustrate the
exact formulations below.

An instance of the distance function is Chamfer distance, which
leverages the Euclidean distance between points:

D𝐶𝐷 (𝑆1, 𝑆2) =
1
|𝑆1 |

∑
x∈𝑆1

min
y∈𝑆2
∥x − y∥ + 1

|𝑆2 |
∑
y∈𝑆2

min
x∈𝑆1
∥x − y∥ (2)

Alternatively, one can use shape properties other than extrinsic
shape features to compute the distance. For example, intrinsic shape
features such as the Laplace–Beltrami eigenfunctions can give rise
to the definition of intrinsic symmetries [Ovsjanikov et al. 2008].
One can also use semantic information or geodesic distance to define
D. For simplicity, we use Chamfer distance as our distance function.
Note that if the transformation class is expressive enough or the

tolerance Y is very large, then any arbitrary pair of points can give
rise to a symmetry. However, it is often the prominent symmetries,
such as the global symmetries that can be applied to the entire
shape, that are useful in downstream applications. To ensure the
detection of prominent symmetries, we define ameasure𝑀 for patch
significance. One common way to define this measure is the area
ratio of the patch region relative to the entire shape,𝑀 (𝑅) = |𝑅 |/|𝑆 |.
With an adequate threshold 𝜏 , we prioritize symmetries that can be
applied to a significant enough region of the shape. Finally, we need
to decide on the class of transformation 𝑇 . In this paper, we focus
on perhaps the simplest yet the most common type of symmetry:
reflective symmetry, while we also show that the pipeline could be
extended to other symmetry classes, such as rotation and translation
(Section 5.2).

3.2 Detection of Reflective Symmetries

n

m

x

T(n,i)(x)
n · i = H

Fig. 2. Reflection across a hyperplane

Reflective symmetry can
be defined using a hyper-
plane parameterized by
the surface normal n ∈
R𝑑 , ∥n∥ = 1 and a point on
the plane i ∈ R𝑑 :𝐻 (n, i) =
{x | (x − i)⊤n = 0}. Given
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this definition, reflective symmetry is a transformation:

𝑇(n,i) (x) = x + 2(proj(n,i) (x) − x), (3)

where proj(n,i) (x) = x + ((i − x)⊤n)n is the function projecting
point x to the hyperplane parameterized by the normal vector n
and a point on the plane i. The general idea of symmetry detection
is to find a hyperplane (n, i) that defines a reflection applicable to a
significant part of the shape. One way to achieve this is to formulate
symmetry detection as finding all hyperplanes under which the
result of following optimization problem returns a significant region:

Find all (n, i) s.t.𝑀 (𝑅∗ (n, i)) > 𝜏,
where 𝑅∗ (n, i) = argmax

𝑅⊆𝑆,D(𝑇(n,i) (𝑅),𝑅)<Y
𝑀 (𝑅) (4)

Mitra et al. [2006] proposes to solve this via a voting algorithm.
We provide a brief outline of the 2D algorithm below. For a given
2D shape, any pair of points p and q on the boundary of the shape
𝑆 define a reflective symmetry, represented by the line through
the midpoint m = 1

2 (p + q) with a normal in the direction of n =

(p−q) ∥p − q∥−1. Now, by sufficiently sampling such point pairs on
the shape, we can collect “votes” for potential reflective symmetries,
𝑇𝑖 , in the transformation space. Mitra et al. [2006] observe that these
votes create a density function in the transformation space, and
the modes of the such density function correspond to significant
symmetries since they are a transformation that is proximal to most
votes. In other words, the optimization problem in Eq. (4) can be
formulated as a mode seeking procedure of the density defined in
the transformation space.

Building on this concept, Mitra et al. [2006] suggest using mean-
shift algorithm [Fukunaga and Hostetler 1975] to identify clusters
associated with significant modes. Specifically, given a set of can-
didate transformations {𝑇𝑖 }𝑛𝑖=1, the mean-shift algorithm can be
thought as first constructing a density field using kernel density
estimation:

𝑝 (𝑇 ) = 1
|𝑁 (𝑇 ) |ℎ𝑑

𝑛∑
𝑇𝑖 ∈𝑁 (𝑇 )

𝐾

(
𝑇 −𝑇𝑖
ℎ

)
, (5)

where 𝐾 is an appropriate kernel function, ℎ is the bandwidth, and
𝑁 (𝑇 ) contains all transformations near the query 𝑇 . The algorithm
first initializes from any of the candidate transformation 𝑇 (0) = 𝑇𝑖
and performs the following iterations:

𝑇 (𝑘+1) ←
∑
𝑇 ′∈𝑁𝑘

𝐾 ((𝑇 ′ −𝑇 (𝑘) )ℎ−1)𝑇 ′∑
𝑇 ′∈𝑁𝑘

𝐾 ((𝑇 ′ −𝑇 (𝑘) )ℎ−1)
, (6)

where 𝑁𝑘 = 𝑁

(
𝑇 (𝑘)

)
is the center of the kernel at the 𝑘th it-

eration. This process repeats until the centroid is converged, i.e.
∥𝑇 (𝑘+1) −𝑇 (𝑘) ∥ < 𝛾 for certain 𝛾 . Once the proposed transforma-
tion 𝑇 ∗ is found, Mitra et al. [2006] computes 𝑅∗ in Eq. (4) using
a region growing algorithm and filters out 𝑅∗ ifM(𝑅∗) is not sig-
nificant enough. While the mean-shift voting scheme has shown
promising results in detecting varying types and scales of symme-
tries, they are limited in that it fails under noisy shapes (i.e. noisy
transformation space) and does not fully leverage modern GPU com-
pute or parallel processing power. To tackle such shortcomings, we
establish a connection between Mitra et al. [2006] and the literature

state-of-the-art generative models. This connection allows us to
leverage advancements in modern computing and deep learning
techniques, applying them to the task of symmetry detection.

4 METHOD
In this section, we first establish the connection between Langevin
dynamics, as used in diffusion models, and the mean-shift algorithm
used in symmetry detection (Section 4.1). Building on the insight
derived from this connection, we propose a symmetry detection
method using Langevin dynamics to achieve robustness to noise.
We also outline the design of the transformation representation,
define the distance between reflective symmetries (Section 4.2), and
illustrate how to perform Langevin dynamics in this transformation
space (Section 4.3). Finally, we provide a simple algorithm to post-
process the resulting modes after Langevin dynamics to extract the
final symmetries (Section 4.4).

4.1 Connecting Mean-shift and Langevin Dynamics
Diffusion models [Ho et al. 2020b] and flow matching [Lipman et al.
2022] aim to learn the score function, or the gradient of the log
density function. These score functions can be used with Langevin
dynamics (or any other SDE solver) to transport samples from the
prior distribution to the data distribution. Specifically, given em-
pirical data samples X = {𝑥𝑖 ∼ 𝑃data}𝑛𝑖=1, one way to define the
objective of the diffusionmodel is to learn the score for the following
density, which convolves the actual data density with a Gaussian to
create a blurry version:

𝑃𝜎 (𝑥) =
∫

𝑃data (𝑦)N (𝑥 ;𝑦, 𝜎2𝐼 )𝑑𝑦 ≈
1
|X|

|X |∑
𝑖=1
N(𝑥 ;𝑥𝑖 , 𝜎2𝐼 ), (7)

where the RHS is an approximation using empirical samplesX. This
allows us to write the score function [Cai et al. 2020; Karras et al.
2022; Pabbaraju et al. 2023; Song et al. 2021a] as the following:

∇𝑥 log 𝑃𝜎 (𝑥) ≈
(∑

𝑦∈X N(𝑥 ;𝑦, 𝜎2𝐼 ) · 𝑦∑
𝑦∈X N(𝑥 ;𝑦, 𝜎2𝐼 )

− 𝑥
)
𝜎−2 . (8)

Once the model learns to approximate this score function, one way
to obtain samples is through Langevin dynamics. Specifically, we can
initialize Langevin dynamics with samples from a prior distribution
𝑥 (0) ∼ 𝑃prior, and then perform the following iterations:

𝑥 (𝑡+1) ← 𝑥 (𝑡 ) + 𝛼𝑡∇𝑥 log 𝑃𝜎𝑡 (𝑥 (𝑡 ) ) +
√
2𝛼𝑡 𝛽𝑡𝜖𝑡 , (9)

where 𝜖𝑡 ∼ N(0, 𝐼 ) is the noise and 𝛼𝑡 is the step size. A key connec-
tion here is that if we modify the above-mentioned formula slightly,
we are able to obtain the updates of mean-shift in Eq. (6). Specifically,
if we set 𝛽𝑡 = 0, 𝛼𝑡 = 𝜎2𝑡 , and 𝜎𝑡 = ℎ, then the Langevin updating
rule becomes:

𝑥 (𝑡+1) ← 𝑥 (𝑡 ) + ℎ2
(∑

𝑦∈X N(𝑥 (𝑡 ) ;𝑦,ℎ2𝐼 ) · 𝑦∑
𝑦∈X N(𝑥 (𝑡 ) ;𝑦,ℎ2𝐼 )

− 𝑥
)
/ℎ2

=

∑
𝑦∈X N

(
𝑥 (𝑡 ) ;𝑦,ℎ2𝐼

)
· 𝑦∑

𝑦∈X N
(
𝑥 (𝑡 ) ;𝑦,ℎ2𝐼

) .

(10)
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The update rule above can be thought as mean-shift algorithm
using Gaussian kernel (i.e.𝐾 (𝑥,𝑦) = exp

(
− ∥𝑥−𝑦 ∥

2

ℎ2

)
), but with no

stochasticity, infinite neighborhood (i.e. 𝑁 (𝑥) = X), as well as
constant noise value 𝜎𝑡 = ℎ. Intuitively, this connection roots in
the fact that both Langevin dynamics and mean-shift are trying to
perform iterative hill climbing in a density function.

Despite the similarities, there are also differences in the choice of
hyperparameters. For example, adding stochastic noise in Langevin
dynamics is generally considered to bring an advantage in sam-
pling quality, allowing us to obtain symmetry modes of varying
strengths. A design choice of mean-shift algorithm is to update with
the gradient estimated from a finite neighborhood, which makes the
update computationally efficient. The same hyperparameter choice
in Langevin dynamics has similar effects to using a small 𝜎𝑡 or trun-
cating the gradients. However, this can be problematic when data
is sparse or noisy, potentially creating spurious modes that require
post-processing. These observations lead us to ask: can diffusion
models be applied to perform mode-seeking for symmetry detection?
Nevertheless, directly applying Langevin dynamics to the space of
reflective transformation is challenging because the transformation
space has geometries different from Euclidean space, as it contains
an 𝑆𝑂 (𝑛) rotation. This requires us to construct a space where we
can define an appropriate density function, estimate scores, and
perform Langevin dynamics.

4.2 Transformation Space of Reflective Symmetry
As we directly walk on the transformation manifold, choosing the
optimal transformation representation was of utmost importance.
Previous works have explored representing transformations as Lie
groups [Shi et al. 2016] and Euclidean transformation groups [Mitra
et al. 2006], yet these representations are often much higher dimen-
sional – typically in R7. Such complexity makes identification of
high-density regions in the space challenging.

A good space for diffusion model should be bounded and easy to
compute. Therefore, we resort to the Hesse normal form utilized in
Hough transforms [Duda andHart 1972] to represent the hyperplane
that defines a reflective symmetry. Hough transform

x

y

n
T (p,q)

q
p

Fig. 3. Transformation space construction

represents each hyper-
plane {x| (x − i)𝑇 n = 0}
using a rotation parame-
terized by the surface nor-
mal vector n ∈ R𝑑 , ori-
ented away from the ori-
gin, and a scalar 𝑙 ∈ R
denoting the shortest dis-
tance to the plane from the origin. Given this representation (n, 𝑙),
the reflective plane can be written as: {x|x𝑇 n = 𝑙}. A convenient
property of Hough transform is that both n and 𝑙 are bounded as
long as the input shape 𝑆 is bounded. Moreover, it’s easy to com-
pute the potential reflective plane for a pair of points in the shape
(p, q) ∈ 𝑆 :

n(p, q) = (p − q) ∥p − q∥−1 , 𝑙 (p, q) = 1
2
(p + q)⊤𝑛(p, q) (11)

Such computation is very efficient and parallelizable, allowing us
to scale to a large number of points. Instead of doing walks in

Fig. 4. Geodesic distance to the black point in transformation space. Blue
indicates proximity, and red indicates larger distance. Shortest distance can
be computed traveling through the origin as well.

the concatenate space (n, 𝑙), which has one additional degree of
freedom than the actual space of reflective symmetry, we embed
the symmetry into R𝑑 using the following:

𝑇 (p, q) = 𝑛(p, q) · (sign(𝑙 (p, q)) · 𝑘 + 𝑙 (p, q)) (12)

where 𝑘 is the hyperparameter denoting the radius of the invalid
region. This parameter is introduced to deal with ambiguities when
𝑙 (p, q) = 0, where multiple symmetry planes are mapped to the
origin. Specifically, we shift all planes in the direction of the normal
by 𝑘 . This representation is numerically stable in most cases except
for when p = q, which we discard as they do not create a valid
vote for reflective symmetry. Each reflective hyperplane thus gets
mapped to a single point in the transformation space (Figure 3).

4.3 Langevin Dynamics in Transformation Space
One challenge of performing the walk in the transformation space
defined as 𝑇 (p, q) is that Euclidean distance in the space does not
reflect the actual distance between symmetry planes. This is due to
the fact that reflective symmetry contains 𝑆𝑂 (𝑛) rotation symmetry.
Fortunately, the score function can be computed in a Riemannian
manifold where only distances are defined [Chen and Lipman 2024;
Huang et al. 2022]. Below, we first cover the background of score
estimation in a Riemannian manifold, which enables us to compute
the geodesic function for the reflective transformation space. Next,
using the score function derived from the geodesic, we define the
process of walking in the transformation space.

Langevin Dynamics in Riemannian Geometry. LetM be a Rie-
mannian manifold where we define a premetrics measuring the
closeness of points d :M ×M → R such that d is (1) non-negative
(i.e. d(𝑥,𝑦) ≥ 0,∀𝑥,𝑦 ∈ M), (2) positive (i.e. d(𝑥,𝑦) = 0 iff 𝑥 = 𝑦),
and (3) non-degenerate (i.e. ∇𝑥d(𝑥,𝑦) ≠ 0 iff 𝑥 ≠ 𝑦). Given the
premetrics function, Chen and Lipman [2024] suggest that one way
to compute the gradient of the probability density flow is using the
following formula:

𝑔𝜎 (𝑥) =
∫
M

d(𝑥,𝑦) ∇𝑥d(𝑥,𝑦)
∥∇𝑥d(𝑥,𝑦)∥2

𝑝𝜎 (𝑥 |𝑦)
𝑝𝜎 (𝑥)

𝑃data (𝑦) 𝑑vol𝑦, (13)

where 𝑝𝜎 (𝑥 |𝑦) is a Gaussian distribution on the geodesic distance:
𝑝𝜎 (𝑥 |𝑦) ∝ exp

(
−d(𝑥,𝑦)2𝜎−2

)
. The gradient field of the probability

density flow can be used in place of the score function in Langevin
dynamics. This means as long as we are able to create a premetrics
(or geodesic distance) for the transformation spaceM to reflect the
closeness of reflective symmetries, we are able to compute 𝑔𝜎 to
perform Langevian dynamics.
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Distance of Reflective Symmetry. Intuitively, the distance between
two reflective symmetries 𝑇1,𝑇2 should capture how hard it is to
transform one hyperplane to the other. A seemingly straightforward
approach is to directly compute the Euclidean distance between 𝑇1
and𝑇2. While this gives some measure of geodesic, it is problematic
near the origin because when 𝑙 = 0, both n and −n represent the
same hyperplane, yet (0, n) and (0,−n) is far away in our represen-
tation (Eq. (12)). To address this issue, we propose the following
geodesic distance:

d(𝑥,𝑦) = min

{
min𝑧 ∥𝑥 − 𝑧∥ + ∥𝑦 + 𝑧∥
min𝑟

∫ 1
0 valid(𝑟 (𝑡)) |𝑟 ′(𝑡) |𝑑𝑡

, (14)

where ∥𝑧∥ = 𝑘 , 𝑟 (0) = 𝑥 , 𝑟 (1) = 𝑦, and valid(𝑥) = 1+∞·1(∥𝑥 ∥ > 𝑘)
marks the valid region of the path allowed. Intuitively, the first term
captures the shortest path if the hyperplane moves past the origin.
The second term captures the shortest path if we do not go through
the origin. We visualize this geodesic distance at different points
in Figure 4. We implement the geodesic with JAX and compute the
gradient ∇𝑥d(𝑥,𝑦) using automatic differentiation.

Stepping in the Transformation space. Given the definition of the
vector field 𝑔𝜎 which maps a point in the geodesic to the tangent
space, we can replace the score function in Eq. (10). However, naively
doing so will lead to an issue where the points might end up in
invalid areas that don’t represent any valid reflective symmetry
plane (e.g. ∥𝑥 (𝑡 ) ∥ < 𝑘). This occurs if the gradient field 𝑔𝜎 is trying
to move points across the origin to find symmetries with more votes.
One way to counter this is to properly define the behavior of moving
a hyperplane across the origin with certain velocity. Specifically,
suppose 𝑇 is a point with 𝑙 = 0 and normal n (so it’s on the sphere
with radius 𝑘). If we would like to move 𝑇 with velocity 𝑣𝑑 and 𝑣𝑛 ,
this is equivalent to moving −𝑇 (i.e. 𝑙 = 0 and −n) with 𝑣𝑑 and 𝑣𝑛 .
If we encounter such a case during the walk, we consider moving
both 𝑇 and −𝑇 , then only send the point to the valid region.

vd

vn

O
T

−T

Fig. 5. Stepping in the trans-
formation space. We move
both 𝑇 and −𝑇 , and only
send the point to the valid
destination.

This operation is performed both dur-
ing the gradient step (i.e. walking along
𝑔𝜎 ) as well as the noise perturbation
step (i.e. walking along 𝜖). We illus-
trate the full Langevin dynamics tra-
jectory as well as the corresponding hy-
perplane in the shape space upon con-
vergence in Figure 6. We show the de-
tailed implementation and hyperparam-
eter setup in the appendix.

4.4 Symmetry Extraction
After sufficient steps of Langevin dynamics, randomly initialized
points at the beginning of the walk will eventually converge at the
local maxima of the density field if guided properly. However, this
still gives us a set of extremely narrow distributions centered at
each mode. In order to extract a single symmetry for every peak,
we perform Density-Based Spatial Clustering of Applications with
Noise (DBSCAN), a density-based clustering algorithm that groups
points based on neighborhood density [Ester et al. 1996; Khan et al.
2014; Schubert et al. 2017]. After Langevin we already expect the
modes to be well-separated and dense, thus, DBSCAN is only utilized

Fig. 6. Visualizing Langevin dynamics trajectory. For each converged mode,
we show the full trajectory (top row), as well as the corresponding symmetry
in the shape space (bottom row). Note that due to our Langevin construction,
we directly jump across the invalid region as opposed to stepping within it.
When converged modes are near the boundary of the invalid region (𝑙 ≈ 𝑘),
we see oscillations through the origin as the two modes are equivalent
(𝐻 (0, n) = 𝐻 (0,−n)).

to identify the centroids and to remove potentially remaining low-
density points. Therefore, we enforce DBSCAN with a very high
density threshold and a small distance threshold. Once the centroid
at each local maxima is identified, we map it back to shape space to
find the corresponding symmetry. We provide experiment results
quantifying the impact of DBSCAN in the appendix.

4.5 Datasets
We evaluate our symmetry detection pipeline on both 2D and 3D
shapes. In order to evaluate the performance of the proposed sym-
metry detection pipeline, there has to be a good amount of symme-
tries present in the dataset; yet common baselines such as MNIST
datasets [LeCun et al. 1998] do not contain much symmetries. There-
fore, for 2D shapes, we construct a dataset of English alphabet letters
of varying fronts from Google Fonts 1. We extract 10 fonts for each
letter, and extract the contour. For 3D shapes, we utilize 20 selected
object meshes from ShapeNetCore [Chang et al. 2015] and Adobe
Assets. We normalize all shapes by shifting the center of mass to
the origin and scaling them such that all points are within [−1, 1]𝑑 .
To assess the noise-robustness of the method, we introduce varying
degrees of noise to the constructed dataset. For 2D, we directly add
scaled Gaussian noise 𝛼 · N (0, 1) for 𝛼 = [0%, 1%, 3%, 5%] to all
sampled points on the normalized shape. For 3D, we add up to 3%
noise to all vertices in the direction of the normal. This results in
multiple variations of each shape at different noise levels.
However, a key challenge remains in data annotation, as there

exists no prior symmetry ground truth. Therefore, we develop a
pipeline for generating ground truth symmetry annotations on
collected shapes. We first take a brute force approach and sample
point pairs to construct a symmetry transformation space. For each
proposal from a point pair we calculate the number of points that
would vote for this proposal, and only keep the proposals that have
more than a threshold number of votes. We then apply clustering to
group similar transformations together to collect a set of symmetry
proposals. Thresholds in this process are set fairly low such that
we always propose more symmetries than there actually are. Given
1https://fonts.google.com/
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these loose proposals, a human annotator can either decide whether
to include the proposed symmetry in the ground truth set or not.

4.6 Evaluation metrics
In our analysis, we employ precision and recall as our primary eval-
uation metrics. By comparing the set of predicted symmetries and
the set of ground truth symmetries, the two metrics could be directly
obtained. During our evaluation, we consider two symmetries to
be the same if they are within some 𝛿-radius of each other in the
transformation space. However, due to the labor-intensiveness of
the human-labeling of ground truth data, we propose two additional
metrics to evaluate the quality of a predicted set of symmetries:
association and compression rate.

To obtain the association measure, we first define the association
of a point with a particular symmetry as the condition where the
projection of the point through the symmetry falls within an epsilon
radius of another point. Then for each symmetry, we calculate the
proportion of points satisfying this criterion. We then determine
the distribution of these proportions across the set of symmetries.
The association measure of the symmetry set is quantified as the
integral of this distribution, representing the area under the curve
across all ratios of total number of points. This metric serves as a
precision measure, capturing the degree to which the set of sym-
metries accurately associate points of the shape within a defined
tolerance.
On the other hand, for the compression measure, we use a

heuristic-based compression algorithm to apply symmetries for
reducing the number of points required to represent a shape, given
the suspected NP-hard nature of an optimal compression algorithm.
This algorithm iteratively applies the best symmetries to minimize
the representation space, and the resultant compression ratio is cal-
culated by dividing the original memory needed to store all points
by themselves with the memory required for the compressed ob-
ject. Note that the compressed object includes spatial locations of
retained points, the symmetries utilized, and the sequence of their
application. A lower compression ratio indicates a higher efficacy
and relevance of the symmetries used, which serves as a proxy for
recall.

5 RESULTS AND APPLICATIONS

Table 1. F1 score for 3D baselines

Method\Noise 0% 1% 3%

Mitra 0.590 0.495 0.347
PRS-Net 0.249 0.126 0.227
E3Sym 0.322 0.193 0.249
Ours 0.745 0.677 0.440

In this section, we pro-
vide results indicating
the robustness of our
method, which can identify
reflective symmetries of
different strengths even on
noisy shapes. We first show
demonstrative examples of
detected symmetry planes, evaluate our method quantitatively with
other baselines, and provide potential downstream applications.

5.1 Evaluation on Symmetry Detection Performance
We show quantitative comparisons with neural baselines and Mi-
tra et al. [2006] for 3D (Table 1) and 2D shapes (Table 2). Results
indicate that our method outperforms the baseline methods for F1

Fig. 7. Symmetry groups found within a castle wall. The shape patches that
support the detected symmetries are colored the same as the corresponding
plane. We identify both local and global reflective symmetries.

0 % 1% 3 % 5 %

M
it
ra

O
u
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M
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O
u
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True Positive False Positive False Negative

Fig. 8. Qualitative comparison with Mitra et al. [2006] for 2D. We visualize
the input 2D font shapes and the predicted reflective symmetries for varying
levels of noise. We show that our solution is more robust to noise, capable
of detecting key symmetries even at high levels of noise.

GT Mitra PRS-Net E3Sym Ours

0%
1%

3%

Fig. 9. Qualitative comparison with baselines for 3D. All detected symme-
tries are shown for 0, 1, 3% noise. Our method is capable of detecting both
local and global symmetries accurately even at high noise levels.

score, compression, and association, especially by a large margin
at high noise levels. This is potentially because our method works
under a Gaussian-smoothed transformation space, where Langevin
dynamics is utilized to help travel through the potentially noisy
parameter space and extract the modes, bypassing certain noisy
information. On the other hand, Mitra et al. [2006] directly operates
under the noisy transformation space and further uses stochastic
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Table 2. Quantitative results for 2D symmetry detection.

F1 ↑ Compression ↓ Association ↑
Methods 0% 1% 3% 5% 0% 1% 3% 5% 0% 1% 3% 5%

Mitra 0.602 0.208 0.287 0.347 0.483 0.793 0.783 0.757 0.366 0.303 0.234 0.246
Ours 0.576 0.540 0.481 0.443 0.389 0.413 0.478 0.530 0.476 0.484 0.477 0.459

Fig. 10. Qualitative results for 3D. We visualize the input 3D shape and selected reflective planes from our detection results. We only highlight the largest
connected region that agree to the symmetry, and color each side of the reflective plane differently. Results indicate that our method is capable of detecting
symmetries of varying strengths on a wide array of shapes.

a

a b

b

c
c

a a

b
b

c
c

d d

Fig. 11. We show that our pipeline can be extended to translation and
rotational symmetries. For translation, we identify global negative (a) and
local positive shifts (b, c). For rotation, we identify global (a) and local
rotational axis (b, c, d). The transformation space (left) and the identified
modes (right) for both symmetry types are shown.

clustering to extract the modes. As both procedures are not robust
to noise, this likely contributes to its weaker performances on noisy

shapes. It is also worth noting that our method has significantly
improved compression and association rates across all noise levels,
which further demonstrates its advantages in potential downstream
applications.

We show qualitative results of our symmetry detection algorithm
in comparison with baselines for 2D and 3D (Figure 8, Figure 9), and
results on additional 3D shapes (Figure 10). While we miss smaller
symmetries as noise is introduced, our method retains higher recall
across all levels when compared to baseline methods. Particularly,
we see that we are able to constantly identify the biggest modes (i.e.
global reflective symmetry) throughout. Whereas previous neural
methods were limited to global symmetries, we identify symmetries
of varying strengths on a wide range of unseen shapes.
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Input Mitra Ours

Fig. 12. Applications in symmetry fixing for noisy shapes. We take an imperfect mesh generated from a single view image, then symmetrize the shape based
on the detected symmetry planes. Shapes fixed with our detection is of higher quality than with Mitra et al. [2006] as our method is more robust to noise.

100% 69%

36% 27% 22%

Fig. 13. Applications in shape compression. We take a shape with symme-
tries at many different scales, and perform sequential compression based on
the detected modes. Region to be compressed is colored blue at each stage.

5.2 Applications
In this section, we demonstrate potential downstream applications
utilizing the detected symmetries. We first show an extension to
different types of symmetries - translation and rotation, then demon-
strate applications in shape fixing and compression.

Extension to additional symmetry types. As our approach is
training-free, extending the pipeline to other symmetry types is pos-
sible as long as a representative and bounded transformation space
can be constructed. We show proof-of-concept examples of exten-
sions to rotation and translation symmetries, where we only modify
the transformation space we walk on (Figure 11). For constructing
the transformation space for translation, we directly extract vector
displacement for every point pair (instead of the Hough transform
representation). For rotational symmetries, we utilize a special case
of the Cartan-Dieudonné theorem, which states that every rotation
in SO(n) is a composition of at most n-reflections about hyperplanes.
Given two reflective planes, the rotational axis corresponds to the
line of intersection between two planes, where the angle of rotation
is twice the angle of intersection. With this idea, we directly extend
the reflective transformation space to rotational space.

Extension to shape fixing. Utilizing the method’s robustness to
noise, we show potential applications to downstream shape fixing
tasks (Figure 12). We implement the shape symmetrization pipeline

proposed in Mitra et al. [2007]. We demonstrate that given an im-
perfect shape generated from SOTA image-to-mesh model [Xu et al.
2024], we can accurately detect symmetry planes and fix the shapes
accordingly. As our method can be directly applied to unseen noisy
shapes, it could be further utilized in correcting the output of 3D
generative models.

Extension to shape compression. Another downstream application
for symmetry detection is in shape compression. We perform se-
quential model compression based on the detected local and global
reflective planes (Figure 13) with the pipeline. Using the first four sig-
nificant modes, a reduction to only 22% of the original model size is
achieved by removing redundant shape patches. This demonstrates
the potential of symmetries as a complexity-reducing concept to
simplify shapes.

6 FUTURE WORK AND LIMITATIONS
In this work, we bring a novel perspective to the symmetry detection
problem and propose a noise-robust algorithm. Building on classical
approaches, we introduce modern concepts from generative mod-
els, particularly Langevin dynamics, to address prior shortcomings.
However, there are a few limitations that are worth exploring in the
future.

Neural gradient field. We show that with sufficiently sampling
the shape space, we are able to construct a transformation space
that is representative of the symmetries present within the shape.
Yet, the quality of the transformation space as well as the gradient
field constructed from this space is heavily dependent on the sample
size. Therefore, one may learn this gradient field to better capture
the transformation space without sampling.

Collecting ground truth evaluation data. As there exists no prior
symmetry dataset, the evaluation of the method is greatly limited
by the lack of fine-grained symmetry annotations. In this work
we propose a semi-supervised method to generate a base set of
ground truth data, although expanding this to a larger dataset that
captures different types of symmetries will help perform a more
comprehensive evaluation.

Covering a larger symmetry space. While we show that our
pipeline is capable of identifying reflective symmetries both in par-
tial and global scales, there are other types of symmetries that we
did not cover extensively in the scope of this work. Further extend-
ing the work to continuous symmetries (e.g. rotational and helical
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surfaces), translational symmetries, or a combination of multiple
symmetry types would be a promising next step.

7 CONCLUSIONS
We have introduced a novel symmetry detection algorithm based on
Riemannian Langevin dynamics. We formulate the transformation
space as a score field, on which we perform mode-seeking with
Langevin dynamics.
Our experiments validate the robustness and generalizability

of the approach, showing improved mode detection even in the
presence of noise. The proposed method is capable of detecting both
partial and global reflective symmetries in 2D and 3D shapes, which
addresses limitations with previous neural approaches. Finally, we
show that our detection method generalizes easily to a wide range
of shapes and can be integrated into various downstream tasks,
highlighting the practical value of our algorithm.
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APPENDIX
A METHOD DETAILS
We provide algorithm blocks to better illustrate the Langevin dynamics process on the transformation manifold. See Algorithm 1 for the
overall Langevin dynamics setup, Algorithm 2 for geodesic distance compute, and Algorithm 3 for walking on the manifold. Please refer to
Appendix B for detailed hyperparameter setup.

ALGORITHM 1: Langevin Dynamics.

Require: Noise levels {𝜎𝑖 }𝑘𝑖=1; Step size 𝛼 ; Number of steps𝑇
Initialize 𝑥0
for 𝑖 ← 1 to 𝑘 do

for 𝑡 ← 0 to𝑇 − 1 do
𝜖𝑡 ∼ N(0, 1)
𝑥′
𝑡+1 ← 𝑥𝑡 +

√
𝛼𝜎𝑖𝜖𝑡
𝜎𝑘

𝑔𝜎 (𝑥) ← jax.grad(geodesic(𝑥))

𝑥𝑡+1 ← walk(𝑥′
𝑡+1,

𝛼𝜎2
𝑖

2𝜎2
𝑘

𝑔𝜎 (𝑥′𝑡+1, 𝜎𝑖 ))

end
𝑥0 ← 𝑥𝑇

end

ALGORITHM 2: Computing the Geodesic Distance.
Require: x; y; Radius of the invalid region 𝑅

Function geodesic(𝑥 , 𝑦, 𝑅):
𝑥𝑣𝑎𝑙𝑖𝑑 , 𝑦𝑣𝑎𝑙𝑖𝑑 ← ¬inside_invalid(𝑥, 𝑅),¬inside_invalid(𝑦, 𝑅)
if 𝑥𝑣𝑎𝑙𝑖𝑑 ∧ 𝑦𝑣𝑎𝑙𝑖𝑑 then

𝑑𝑡ℎ𝑟𝑜𝑢𝑔ℎ ← distance_jump_invalid(𝑥, 𝑦, 𝑅)
𝑑𝑜𝑢𝑡𝑠𝑖𝑑𝑒 ← distance_outside_invalid(𝑥, 𝑦, 𝑅)
return min(𝑑𝑡ℎ𝑟𝑜𝑢𝑔ℎ, 𝑑𝑜𝑢𝑡𝑠𝑖𝑑𝑒 )

else
return −1

end

ALGORITHM 3: Walking in the Transformation Space.
Require: x; Gradient 𝑔; Radius of the invalid region 𝑅

Function walk(𝑥 , 𝑔, 𝑅):
target← 𝑥 + 𝑔
inside← True if ∥target∥ < 𝑅; else False
𝑡𝑀 ← −𝑥 · 𝑔
𝑀 ← 𝑥 + 𝑡𝑀 ∗ 𝑔
\𝑟𝑜𝑡 ← arccos( ∥𝑀 ∥

𝑅
)

𝑌𝑝𝑜𝑠 , 𝑌𝑛𝑒𝑔 ← rotation_matrix(±\𝑟𝑜𝑡 ) · 𝑀
∥𝑀 ∥ · 𝑅

𝑇𝑌𝑝𝑜𝑠 ,𝑇𝑌𝑛𝑒𝑔 ← (𝑌𝑝𝑜𝑠 , 𝑌𝑛𝑒𝑔 − 𝑥) · 𝑔
𝑌 ← 𝑥 +min(𝑇𝑌𝑝𝑜𝑠 ,𝑇𝑌𝑛𝑒𝑔) ∗ 𝑔
𝑣𝑦 ← target −𝑌
𝑣𝑁 ← (𝑣𝑦 · 𝑌 ) · 𝑌/𝑅
\𝑠𝑖𝑔𝑛 ← sign( 𝑣𝑦−𝑣𝑁

∥𝑣𝑦−𝑣𝑁 ∥
× 𝑌

𝑅
)

𝑌𝑟𝑒𝑓 𝑙 ← −rotation_matrix( ∥𝑣𝑦−𝑣𝑁 ∥
𝑅

∗ \𝑠𝑖𝑔𝑛) · 𝑌
target𝑟𝑒𝑓 𝑙 ← 𝑌𝑟𝑒𝑓 𝑙 +

𝑌𝑟𝑒𝑓 𝑙

∥𝑌𝑟𝑒𝑓 𝑙 ∥
· ∥𝑣𝑁 ∥

if inside then
return target𝑟𝑒𝑓 𝑙

else
return target

end
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B EXPERIMENT DETAILS
The parameters we tune for transformation space construction are: 𝑘 (the radius of the invalid region) and the number of sampled points. The
parameter 𝑘 is introduced to deal with ambiguities when 𝑙 (𝑝, 𝑞) = 0, where multiple symmetry planes are mapped to the origin. Specifically,
we shift all planes in the direction of the normal by 𝑘 (Eq. 12). We find that 50K point pairs sampled from both 2D and 3D shapes are sufficient
to construct a dense transformation space to capture local modes. Table A1. Runtime analysis

Number of steps

1K 5K 10K 50K

F1 0.759 0.813 0.774 0.857
Runtime 29.3s 100s 4min 15min

For mode seeking, we utilize the annealed version of Langevin dynamics [Song and
Ermon 2019]. We begin with random samples and perform recursive updates toward
the gradient while gradually decreasing noise. The gradient is computed from the
kernel-approximated geodesic distances [Chen and Lipman 2024; Huang et al. 2022].
This requires tuning kernel size, step size, and number of steps. A smaller kernel
size allows finer modes to be discovered but may require more steps for convergence,
while a larger kernel size may overlook these finer modes. With hyperparameter
tuning, we achieve the best performance with: kernel size = 0.025, 𝑘 = 0.3, step size = 0.06 for 2D, and kernel size = 0.08, 𝑘 = 0.5, step size
= 0.02 for 3D. We use 200 points for Langevin initialization and take 50K steps for both. We show the effects of altering such parameters
below, where we profile end-to-end runtime for varying number of steps, for which we measure the wall-clock time on a 12G RTX 2080 GPU
(Table A1). We also quantify the importance of the hyperparameter 𝑘 as well as kernel size (Table A2). We report the F1 score for all.

Table A2. Hyperparameter setup

𝑘 Kernel size

0.3 0.5 0.8 1 0.2 0.1 0.08 0.05

F1 0.733 0.857 0.710 0.733 0.700 0.846 0.857 0.560

C ABLATION STUDIES
Table A3. Ablation study on the impact of DBSCAN

0% 1% 3% 5%

Mitra 0.602 0.208 0.287 0.347
Mitra + DBSCAN 0.517 0.182 0.120 0.097
Ours 0.576 0.540 0.481 0.443

As we assume the converged modes after Langevin steps to be well-seperated
and dense, we only utilize DBSCAN as a post-processing step to extract final
mode centroids. With this assumption, we enforce it with a very high density
and a small distance threshold. In order to confirm that we are not relying on
DBSCAN for clustering, we perform an ablation study quantifying the impact of
DBSCAN. We replace mean-shift clustering in [Mitra et al. 2006] with DBSCAN
and report the F1 score for all noise levels. We determine the hyperparameters
for DBSCAN following the approaches in Sander et al. [1998]. We observe that
DBSCAN struggles with noisy shapes even more so than mean-shift, likely due to its reliance on fixed-density thresholds.

D ROBUSTNESS TO SPARSE RECONSTRUCTION
We acknowledge that directly adding noise to the shape might not be realistically capturing noises encountered in real-life applications.
Therefore, we evaluate the method further on sparsely-reconstructed point clouds, which are generated from back-projecting 4, 6, and 8-views
randomly taken from the input 3D shape. We show that the pipeline is capable of consistently detecting modes even in sparse conditions.

4 views 6 views 8 views Top 3 planes

Fig. A1. Robustness to sparse input. We show detection results on sparse-view reconstructed input point cloud, as well as the top 3 planes for the 8-view case.
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